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Abstract 

A superfield version on superspace ( x y 6 a ) is proposed for the Sp( 2)- covariant 
Lagrangian quantization of general gauge theories. The BRST- and antiBRST- 
transformations are realized on superfields as supertranslations in the 9 a - directions. 
A new (geometric) interpretation of the Ward identities in the quantum gauge theory 
is given. 


1 INTRODUCTION 

Recently, it has been realized [1-8] that BRST-antiBRST invariance can 
be used as fundamental principle in the construction of quantum gauge the¬ 
ories. This principle has been applied in [1-3] to quantization of dynamical 
systems with constraints in the Hamiltonian formalism. The Sp( 2)- covariant 
Lagrangian quantization of general gauge theories has been developed in [4-6] 
on the basis of the BRST- antiBRST symmetry principle. Note that in [7] a 
slightly different (but completely equivalent to [4,5]) procedure of the Sp( 2)- 
covariant Lagrangian quantization was suggested. A completely anticanonical 
form of the Sp( 2)- covariant Lagrangian quantization scheme (triplectic quan¬ 
tization in terms of [9]) has been given in [8]. 
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Geometric contents of the BRST- and antiBRST- transformations for the 
Yang-Mills theories as supertranslations in superspace along additional (Grass- 
nrann) coordinates has been realized quite a long time ago [10-15], but there 
has not been found any satisfactory superfield description of the quantization 
procedure. Moreover, the crucial point of the superfield descriptions [10-15] 
was the manifest structure of the Yang-Mills theory action, the problem of 
treatment of arbitrary gauge theories has remained unsolved. 

The main purpose of this paper is to give the superfield quantization rules for 
general gauge theories, based on the principle of invariance under the BRST- 
and antiBRST- transformations acting in superspace as supertranslations along 
the additional (with respect to the space-time coordinates) variables. 

The paper is organized as follows. In section 2 the basic objects of the 
superfield quantization are introduced: superfields supersources 

super-antibrackets ( , ) a , operators A a , V a ; besides some properties of the 
objects introduced are studied. In section 3 the superfield quantization rules 
for general gauge theories are formulated. The generating functional of Green 
functions is constructed as a functional depending on supersources The 
superfield form of the BRST- and antiBRST- transformations is found. In¬ 
dependence of the S- matrix on a choice of the gauge is proved. The Ward 
identities in terms of superfields are derived. In section 4 a connection between 
the scheme in question and the triplectic [8,9] as well as the Sp{ 2)- covari¬ 
ant [4-6] quantization methods is established, the latter being some particular 
cases of the superfield quantization, corresponding to special choices of both 
the solutions of superfield generating equations and the gauge. In section 5 the 
concluding remarks are made. 
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In the paper the condensed notations by DeWitt [16] are used. The Grass- 
mann parity of a quantity A is denoted e(A). Derivatives with respect to (su¬ 
per) fields are understood as the right-hand and those with respect to antifields 
and (super)sources as the left-hand ones. The left derivatives with respect 
to (super)helds are labelled 5i/5(f) A . Scalar anticommuting coordinates 
9 a form an Sp( 2)- doublet. Lowering the Sp( 2)- indices is given by the rule 
9 a = s a b9 b . Derivatives with respect to 6 a are understood as the left-hand ones. 
Integration over 9 a is given by 


d z 9 = 0, ld 2 9 9 a = 0, / d z 9 9 a 9° = e 


2/3 nanb 


Mb 


For any function f{9) the equalities hold 


^ dm 


d z e 


d9° 


= 0, 


Any function of 9 can be represented in the form 

/(9} = /. + // + ]/A«*. 


2 MAIN DEFINITIONS 

Let us introduce a superspace with coordinates (aT,# a ), where x^ (ji = 
0,1,..., d— 1) are the space-time coordinates and 9 a {a = 1,2) are anticommuting 
scalar coordinates. Let & A (9), e(& A (9)) = be a set of superfields with the 
following restriction 

■ e >)| s=0 = < y , ( i ) 

where (j) A are the fields of configuration space in the Sp{ 2)- covariant Lagrangian 
quantization [4-6]. We associate with each superfield Q A (9) one supersource 
d>u(^) of the same Grassmann parity, 

e(^M) = e A . (2) 
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In terms of supervariables < f>" 4 ($), ^(d) we define for any functionals F 
F(d>, l>), G = d>) the super-antibrackets 


(F, G) a = / d 2 6 


6F , d SG 


5$ A (9) 


d9 a 6<S> A (9) 


(F ^ G)(-l)(^-)^)-)} 
with the evident property of generalized antisymmetry 

(. F,G) a = -(-1)( £ ( f )+ 1 )( £ (G')+i )(G,F) a . 

The super-antibrackets (3) satisfy the generalized Jacobi identities 
((F, G) {a , j f/)&l(_i)(dF+i)bW+i) + C ycle(F, G, H ) = 0, 


( 3 ) 


(4) 


(5) 


where the curly bracket denotes symmetrization of a and b. 
Let us introduce the operators A a and V a by the rule 

A a = - [ d 2 0 6 ‘ 9 6 


V a = / d 2 9 


6$ A (9) d9 a 6$ A (9y 
( d$ A (9) 5 d<$>\9) Si 


\ 39 a 5<$> A {9) 1 d9 a 5$ A (9)) • 
One may easily check that the following properties hold 

A {a A fo} = 

V {a v b} = 0 , 

A a V b + V b A a = 0. 


( 6 ) 


(7) 


( 8 ) 

(9) 

( 10 ) 


The action of the operators A a and V a upon the super- antibrackets is given 
by the relations 


A<“(F,G) 4) = (A{“F.Gp - (F, A(“G)^(— 


( 11 ) 
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( 12 ) 


V"(F. G) b = (V a F, G) b - ( F , V a G) b (-l) el - F ' 1 . 
It is also convinient to introduce the extended operators A a 


A a = A a + -V a . 

h 

These operators satisfy the relations 

A {a A b} = 0, 


(13) 


(14) 


which follow from (8)-(10). 

3 SUPERFIELD QUANTIZATION 

The basic object of superfield quantization is the quantum action W = 
W (<f>, d>). We require that IT be a solution to the following generating equations 
(quantum master equations) 


or equivalently 


A a exp j-Wj =0 


: (W, W) a + V a W = ihA a W. 


(15) 


(16) 


The generating functional of the Green functions Z = Z(<f>) for superfields 


<U($) we dehne as 


Z($) = J [d<S>'][d<5>']p(<5>') exp | — \W ($', $') — 

- - £ ab V' a V' h F (&) - 
2 


(17) 


where F(T) is the boson gauge functional, p(d>) is the weight functional having 
the form of functional S- function 


P (<i>) = s( d 2 ea>(e) , 


(18) 
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and the notation 


i>4> = f cPe $ a (0)<s> a (0) 


(19) 


is used. 

The introduced above generating functional (17) possesses two important 
properties. Firstly, the integrand in (17) for <f> = 0 is invariant under the 
transformations of global supersymmetry 


S$ A (0) = fi, 


'll)) 

'~d07~ 


S*A W = + 0a 


£(Va) = 1 , 

d SW 


( 20 ) 


( 21 ) 


a d6 a ' ra d6 a 5<$> A {6) 
on account of the generating equations (16) and the invariance of weight func¬ 


tional (18) under transformations (21) 


6p(&) = 0. 


( 22 ) 


In (20),(21) n a is a Sp( 2)- doublet of the constant anticommuting Grassmann 
parameters. Secondly, the vacuum functional Z( 0) does not depend on choice 
of the gauge boson F within the proposed superfield scheme (16)-(18). Indeed, 
suppose Zp = Z( 0). We shall change the gauge F(<F) —> F($) + ^F(d>). In the 
functional integral for Z F+ § F we make the change of variables (20),(21) choosing 
for the parameters fi a 

0a = ~e ab V b 6F(t>). (23) 

2h 

Taking into account (9),(16) and (22) we find that 


Z f +sf — Z F 


(24) 


and, hence, the S- matrix is gauge-invariant. 


6 



The transformations (20), (21) realize the BRST- and antiBRST- symmetry 
in the superfield approach to quantum gauge theory. Allowing for (3),(7) one 
can rewrite these transformations in the form 


S<S> A (0) = ft a V a & A (0), 

<5*4(0 = 0aV a i A (O)+0a(W,i A (e))“. 


(25) 

(26) 


From (25), (26) we conclude that the operators V a (7) can be considered as gen¬ 
erators of supertranslations in the 9 a - directions on supervariables T" 4 (6 ) ), 

This gives a geometric interpretation of the BRST- and antiBRST- symmetry 
for arbitrary gauge theory. 

Invariance of vacuum functional Z( 0) under the BRST- and antiBRST- 
transfomations leads to the presence of gauge Ward identities. Let us con¬ 
sider the derivation of these identities. To do this we shall use the standard 
assumptions on functional integral properties, in particular, 

/[d$] [d%(4>) TAT = 0, / d[$] [d%(4>) TAJO = 0 (27) 


Taking into account the explicit form of the operators A a and (27) we have the 
following equalities 


d<S>'][d&}p(&) A ,a exp -[VF(T', $')- 

In 


(28) 


- y ab V' a V"’F {$') - <T"T<) } = 0 

Let us act on exponential by the operators A a and take into account (9), (10), 
(16). We obtain 


V a Z(&) = 0. 


(29) 


Equations (29) represent the superfield form of Ward identities for generating 
functional of Green functions. 
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Let us now consider the Legendre transformation of In Z{&) with respect to 
the supersources For this purpose we define superfields & A (9) by the 

relations 


<S> A (6) = 


h8\nZ(&) 


8$a(0) 

and introduce the functional r(<f>) by the rule 


(30) 


r($) = - in z ( i' ) + ( M>, 

i 


(31) 


so that 

6<f> A (0) = ^ 

r(d>) is the vertex functions generating functional. Rewriting the Ward identi¬ 
ties (29) for the vertex functios generating functional, we have the relations 


TT(<F) = 0 (33) 

as the superfield form of the Ward identities for r(<F). 

From (29), (33) one can establish a new (geometric) interpretation of the 
Ward identities in quantum gauge theory. Indeed, the Ward identities express 
the invariance of the generating functionals Z and V under supertranslations in 
the 9 a - directions. 


4 CONNECTION WITH THE TRIPLECTIC AND Sp(2)~ 
COVARIANT QUANTIZATIONS 

It is useful to compare the suggested superfield quantization for general 
gauge theories with the Sp( 2)- covariant Lagrangian quantization [4-6] and the 
triplectic one [8]. To this end we present, first of all, the matter of developed 
superfield quantization scheme in the component form. 



For supervariables <& A (0) and <f>n($) we shall use the following notations in 
the 9 a - expansions 

(34) 


<s> A ( 0 ) = <i> A + 7 r Aa 0 a + -\ A e a 0 \ 

* A (0) = fa- e a f A a - \0a0 a J A . 


(35) 


Then the operators A a (6), V a (7) and super-antibrackets (3) have the form 


(F, G) a = 


5F 5G 


+ £ 


ab 


5F 5G 


5cj) A 5(f)]\ a 57T Ab 34>n 

(F G) (-l)bT)+i)(e(G)+i)^ 

* a={ - iyA wsk +( - iyA+1 ^<k' 

v ° - ^-w A ~ ^ A w + 


£ Ac -ab \A $l 


-l) £A e ab X 


-Ja- 


5 


5n Ab 5 c{)* a 
In the component form the gauge fixing action reads 

:2 


(39) 


2 etVV'Fft) = + j^\ A - 

l,_a&\U 5^F \B i ~n-Aa 5^ F \B 

A F _Aa ? _Bb A + 71 TTAT~EE A > 


“^ C " 57r Aa 6^ b 
For the functional T4> in (17) we have 


5(f) A 5 7T 


KK = <p A \ A + <t>MiA a - J a 4> a - 


lA 


Integration measure 


(36) 

(37) 


(38) 


(40) 


[d<F] [d < F]p( < F) = [d<fi\[d(f)*][d7r][d(f)\[d\][dJ]6(J) 


(41) 


coincides, in fact, with measures in functional integrals of papers [4-6] and [8]. 

Let us now turn ourselves to the generating equations (16) of the superfield 
formalism. By virtue of (36)-(38) we can see that the variables A j4 and Ja 
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enter the equations (16) in a very special manner, being only contained in the 
operators V a as linear multipliers at the differential operators. We shall make 
use of this special point. To this end, we note that the functional d>d> is linear 
with respect to A" 4 , Ja and satisfies both the equations 


V a $& = 0 


(41) 


and (16) as a whole. This enables one to seek solutions of the equations (16) 
in the form 

1T(T,T) = £($,$)+$$, (42) 

with the functional 5(<I>, <f>) subjected to the conditions 

5S 


f d2e l 6 ‘ ea Jk) = ='°> 

2 “ 5<S> A (0) SJ A 


= 0 . 


(43) 


Taking (43) and (36)-(38) into account, we find that the functional S is exactly 
a solution to the generating equations of paper [8]. Consequently, the special 
choice of solutions to the equations (16) in the form (42),(43) with T = 0 leads 
to the vacuum functional of paper [14], corresponding to the special choice of 
the gauge (note that in [14], apart from a particular choice of gauge fixing, the 
general approach to solution of this problem is studied). 

One can also readily establish a connection with the Sp( 2)- covariant quan¬ 
tization of papers [4-6]. To do this, suffice it to require, in addition, that the 
functional S be independent on the variables ix Aa , i.e. 


5S 
5l T Aa 


= 0, 


choosing the gauge fixing functional F as to depend on the variables <f> A only: 
F = F((f)). Then we find in (17) the exact form of the generating functional of 
Green functions in the Sp( 2)- covariant quantization of papers [4-6]. 
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The form (29) of the Ward identities for Z(4>), rewritten in terms of the 
components 


Ja 


bZ 


- = 0 


3Z 


H\ a 

coincides with the one, derived in [4]. 

The component form of the definition (30) for $ A (0) reads 


(44) 


a hbhiZ a hblnZ a hblnZ 

* = = A = W 

Given this, the equations (32) can be written as 

_ T sr ^ _ 2 

S(/) A Ja ' b7T Aa 0A ‘ 

For the Ward identities (34) we have the following equations 


7T 


Aa 


ST 


ab \A 


b(f) 


A 


+ £ a °X 


s r 

bn Ab 


= 0 


(45) 


The form (45) of the Ward identities for the generating functional of vertex 
functions T differs from the one, obtained in [4]. The difference is due to 
the fact that in [4] the transition from the Ward identities for Z (coinciding, 
formally, with (44)) to the ones for T was made by the Legendre transformation 
with respect to the variables Ja only, the variables (j)* Aa: (j)A being inert. 


5 DISCUSSION 

In this paper a closed superfield representation of the Sp( 2)- covariant 
quantization [4-6] for gauge theories is found. One of the basic objects of the 
method in question is a superfield <U($) subject to the boundary condition 
<fO((9)|, 9 = o = </> A , where <f> A is the set of fields of configuration space in the 
S'p(2)-covariant quantization formalism [4-6]. To each superfield Q A (9) there is 
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assigned the corresponding supersource d>n(#) with the same Grassmann parity. 
The variables belonging to the complete set of the Sp( 2)- covariant quantization 
method arise in the superfield formalism quite naturally as the corresponding 
components of all the supervariables < h j4 (6 ) ), (see (34), (35)). 

The BRST-antiBRST symmetry transformations (20),(21) (or, equivalently 
(25),(26)) for arbitrary gauge theories have within the superfield formalism a 
clear geometric contents as they are realized as supertranslations in superspace 
(aT, 9 a ) along the Grassmann coordinates 6 a . 

The superfield description permits one to have a new look at the Ward 
identities in the quantum theory of gauge fields, thus revealing their geometric 
contents. Indeed, the identities (29) and (33) for both the generating functional 
of Green functions Z = Z( { f>) and the generating functional of vertex functions 
T = r(d>) are nothing but the statements that Z and T are invariant under 
supertranslations in superspace. Simultaneously, the role and geometric origin 
of the operators V a , realizing the supertranslations in terms of the variables 
4 &a(9) are revealed. 

The superfield description permits a universal outlook on the quantization 
scheme for general gauge theories, developed in papers [4-6] and [8,9]; the lat¬ 
ter are the particular cases of the superfield description as they correspond to 
certain special choices of both the solutions to the generating equations (16) 
and the gauge. 
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